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ABSTRACT 

Research recurrently indicates that children who have 
difficulty with arithmetic often use systematic routines that yield 
wrong answers. Recent research has focused less on identifying the 
most common errors among groups of children and more on analyzing 
individual children's errors. This paper considers the source of 
systematic errors in subtraction with multidigit numbers and 
appropriate instruct iona?. responses. The author argues that 
conceptual misunderstandings lie at the heart of many errorful 
procedures, and that these misunderstandings are what should be 
addressed in instruction, as well as the problem of linking 
conceptual understanding to procedural skill. Following an analysis 
of the nature of "buggy algorithms" in subtraction, teaching the 
semantics of procedures is considered. Principles of subtraction and 
place value are presented, and children's knowledge of the principles 
is reviewed. Instructional experiments on how the principles apply to 
written arithmetic are described. Finally, conclusions and some 
questions are presented. The importance of error analysis research is 
confirmed. Systematic errors probably arise from a basic failure to 
mentally represent arithmetic procedures in terms of operations on 
quantities within a principled number system, rather than as 
operations on symbols that obey largely syntactic rules. (MNS) 
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Orif of tf^t recurrent findif*g$ in nrsearcb cwi 
ctiildrcriS orithrrteTic perfofffWKe is thoT chil<fren 1^*10 
ore hoving diff«calfy with <M'ithnwfic often ime 
systeTiatic roaftnes that yt«W wrong answers* This 
t^^eryution Ho$ been fnocto re()eQtediy, cmd o number 
qf studies Have ottempted to <fescribe ^ most- 
comrTKKi errors. Busi^rell (1921} us^ o con*!nat;cn of 
eye -novem?nt ona primitive soMior^tlme mecawres, 
pencil cmd p<^r tests constructed for dia^rmfic 
purposes* and whot we wouJd now coll **^ii*ing-olood 
protocols" to deter nine ftie most common so^ces of 
errors in cotculotton- witti whole numbers. Qrownell 
(1 928* 1935) coTKj^cted simiU^^ studies In his many 
yems of work on the psychology of n^ithemaftcs 
educotion. 

These irtvestigotors were seeking to put into the 
of teochers tools thot wo»ikl help them diKrom 
the bosis of indfvi<kiaf pi4>ils* o thmetk: difficuiflef, so 
f»KJt qjprojM'fate remediol Jnst'oction cookJ be offered. 
Tt^ w«^* of Bos^i^lt and Brcwnell or^ of otfm^ emiy 
psychol s ond mothemotics educofors wos cieoriy 
guided ^ 0 reco^ition tfxjt . d^ihfren^ errors were 
systemotic. Their resecrcht ho%i«ver, did not otfempt 
to describe Inaividuol ch}idren*s ojteulotfon strotegies 
but coAcentroted insteod 00 identifying the most 
common errors omong groups of children. 

Recent research has focused more on the onoly- 
sis of HidivlAial chikken's ercws. Lonkfcwtf (1972), for 
exompte, using o diognostic interviewr procedure with 
seventh groders^ mode It clew that the stud^ts* 
conr^iutafii^i strotegies were hH^ly individuolt often 
not foitowing the orthodox models of texMio^ ond 
ckfiwoom. Some of the unorthodox s^otegies «vere 
successfoii others were not. Among mo^temot^ 
educates, menders of thr Resewrh Council on Oiog* 
nostic ond Prescriptive Mathematics hove often t<*en 
tt^ lead in uiKovering re^icH-ities in chiklron^ fsffw- 
ful arithmetic, with an eye to odapting instruction to 
indivi<&io) error patterns. Among co^itive tcientists, o 
similw line of investi^tion an '^uggy o^lttWMi" 
(Brown & Burton, 1978) h« not only documented the 
existence of consistent errw*producing algorithms, but 
hos developed automated diagnostic f^o^oms cofMiile 
of reli<^iy detecting the pcn'ticulm errorfui at^itNns 
used by o chiW on the bosis of responses to o very 
SfiKjII t>ut corefuHv selected njwber of prc^lems. 

The phe'vo^nenon of sysTemotic errors in cakru- 
lotion then, is well estotolished. What is less certain is 
(o) the source of these errorfui but systematic ^inven- 
tiws** by children; »id (b) the c^oi^iate instructicnal 
rei^x^se to the observotic^ thot errors ore systematk:. 
These c^e ttie qiMfstions I CK<<}ress in tnls paper. I use 
the ctomoin of subtroction of multi^iglt nurr^^ers » 
my prim<»^y ex(»nple, in order to use ^ extensive 
theoretic ot c^alyses <kkJ e>rpef »mental Investigotions of 
errors In tt.is do^o»n thot ore ovoiloMe to me. My 
concern 1^ ^kd! fo*' s jftfroction m mk-H. fK>wever, hut 



for certoin fnore general principles and <^s!ions «^t 
the cose of subtraction illustrates. 

Let me state at tne outset ttnit 1 intend to coj^t 
douM on the prq^sition that errc^ <yiolyses them«> 
setvest no matter tH>w (tetoited, will yield tt^ kind of 
dio^tMes that provide o strong tKssis for ir^truction* 
lnste<»d, I ctf^gue thot for wy given domoin of «ith- 
rr^t^ o relatively snml* nun4>er of conceptuo l rn ^ f- 
iH^ier$t<yKiinQs Me at the heart of many oifferent 
errorfui procec^es. It is ttwe conc^tuol mlsunder^ 
stc^xf>gs that sNh/M be oWressed in instruct km. I will 
olso show tfmt c<Kic^tuai understanding does not 
olwayi outcHTiotkotiy (N^oduce correct procedures. 
Thus, instruction also mj%i oddress directly the p*ob« 
tern of linking conceptual understomling to proce<^oi 
skills task that seems likely to prove more complex 
ihxm many of us once believed. 

Jfm Noture of Buggy Akwittims in Subtroctton 

Let us begin t>y establishing tfie nofure of tlw 
prdMem in our exorr^le dmoln of multi-digit «^ 
troctkm. Figure I Mcne of ttie most convnon 

M)froctfon wrors ttmt hove been Mentified by &ovm 
ond his wHeo^ies ki their extei^ve mrt^ on buggy 
otgori^ma in fi4>troctton. This is only o portkil list 
the known ami ctemimilroted ti4>f roction bu^h b^f it 
enough to oltow m td oimider ttie pMSible sources of 
bi^gy fmce^es ir this domc^ of oritttmetic 

Two the<^es of the origki of subtraction bu^ 
hove been propose. One, by Young ond (ySheo (mi)» 
sMgesta that the sln^^ bu^ otlm ^Mtien chiWrcn 
either forget or hove never* teemed ttie standwd 
schooi^touflht subfroctton olgorlfhm (see Fi^Me 2 for 
this (ilgoritim). The second* by Bro^vn ond Vari.ehn 
(1900, inXU is known os •Vepoir ttieory." Acceding to 
r^ioir ttiewy^ b^^sy o^oritfms orise f^hen an orith- 
metk: problem is ^wountwed for wMki^ the chikfs 
ciM'rent oigortthnw ore i n cwy le fe or inc^ifHOpriote. 
The chikl, frying to le^xmd, eventually reocNes on 
inr^XKse, o ^tuotion for which no action is avoitabte. 
At tfiis point, the diiW calU on o list of *V^irs'*- 
octions n> try when the stondvd octkm connot tie 
used. The r^xrir list inckides strotegies such os per- 
forming ttw actk)n ki o different cokmvH tripping ttic 
oction, swc^iping top wid bottom nun^rs In o coHirmi, 
and sut»tituting m operotii^ (such as incrementing m 
decremefiting). The outcomes generated ttvoush this 
r^ir process ore then checked by a set of •Critics** 
thot in^iec! the resulting sokition for confwmity to 
smne baic criteria, »idi « no en^ty cokmms, only 
one digit per cokmin in the mwer, only we decre- 
ment per colurrv), and the like. Toj^ther, the r^ir 
and tne critic lists cor^titute ttie key elements in.o 
"generate and test" p. jblem-solving ro-^tine. 

This models operotwjns demonstrate the some 
kind of •'intelligent*' pr<*lem solving tt>ot chorocterizes 



I. -Imallvr r!«.^-lJir^er, ihe .^tuiknt nubtra-t? the ?auller iigit in i coltiiim tv. 
rejiiiiUh'SN, of v%hich one is <mi top. 
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2. Borrow -Fraa-2ero, hJum borrowing from a coli^ i»hOi^ top Jigit i« the stiiKlent writes *i but 
iL>vd .lot Jv>ntirH&: oorrc^ing iros tin: coiion to the left of the U. 

5. Borrw*Acrass-^ero. lihen the stuient needs to borroik tixm a colusn whose top di^it 0 he skip.* 
that colim and borrows froa the next (!tote: this hug requires a special "rule'' for sub- 

tracting froa 0: eitt^rr 0 - > » M or 0 - N » 0.) 

4. Jitop-Borrow-At-Iero. Hw suUent fail* to Jecmaent t), altivx^^h he iUs 10 correctly to the top 
digit of the active colunn. iNote: this hi^ si»t be t«^it^ with either 0 - \ » N or 0 - \ > 0.) 

i DDn't-Decre«eat->ro, **en borrowing from a column in which the top digit i» 0, the litudent re- 
writes the 0 as 10 but does iwt chai^ the 10 to 9 n^ien im:r»enting the active coluwi. 




ti. Zero- 1 nstead-Of- Borrow. The rtijdent writer U as the answor in any coiisnn in which the hottona 
digit is larger th«-»n the t<^. 



\ lk>riou-l ri^-Rott»:'^4-!nsreaa-*"5 1^. If the top digit it. the coliirn bc\n\^ borroHt.*d fpdn i> tiu- 
the <tudt»nt oof nik-i inm the ittcnn digit rn^tcJd, fV^Tv : thi^ hit^ nai^t he coB<>n:v\i with i-tthir 
u • \ » % or ^' % - \ 

M- Si 

-wr -rsf 



many successful perforrmwices in otner dcmnsins (of. 
Sinnon, i97o, pp. 6S, 98K With bi^y a^ithms, the 
trouble seems to lie not ki the reosoning (Mrocesws b'jt 
in the inocteqi/ote dote bose cf^tied. ln^>ection of the 
repotr oinA critic lifts tnokes it cie<r ^ot ffW ^nero- 
fion tsnA f^e test rules in this porticulor system ccn all 
be viewed as ''syntactic.** That is, ther ail concern the 
surfoce striicf'jre of tt>e Si4>troction procedure and ^lo 
DSA necessarily reflect %^^tlat we con call fhe "seman- 
tics/* w underlying n^janir^, of Wie proceckire. 

This distinction oetween tt^ syntax cvkJ the 
serrxjntics of the proceowre beco*T>e$ clearer whe*^ -e 



I.S. ! : kn, R.R- Burton. anJ k. \.in!dw<. 

consider so^ne of the indivitbot bugs. Inspection of the 
bugs in Figure I shows ttKit they tend to **kK^ ri^r 
end to obey most of ttie tmpwt<Kit syntactic rules for 
written cakukitiom The digit structure is rei^»:ted. 
tt^e is only o single digit per column, ail tt>e cokiovts 
c^'e filled, cmd so fcM'th. ttw s^%se ot t)eing orderly 
und reosoni^le response to o f^-oblern situation, the 
bi.jijy okjorittvns locrtc quite sensible. But each of tt^ 
buys violates fufKtonental mott^maf ic il constraints. 
In this sense, ttwy violote ttw conceptual t.e^ing, <^ 
serrantics, of suOtractitKi. I con make ttiis point more 
clear I / by individually considering eoct^ of the bugs in 
Fig U 



A 

Find ri9hti»08t coluim 
Iterk it as motive 
colum. 



Activo column t iu^ 
>ttom top? 



No 



Active coliotfif wite 
a umall 1 to the 
left of top 4i9it. 



Yes 



Active ^liWRs 
Subtract* 



Move CMHi a>lt»n left 
in tcp niuaeral. Mark 
it as borrcm colimn* 



Active colMBis 
write result 
below line* 




Borrow colun i Reduce 
top digit by 1. 






G 


tio 


RsAd answer 




below line* 



yes 



Move active marker 
one colugn to left 



L 




Borrcw 


col'JMni 


change 0 to 9. 






N 




'Move borrow 


Marker tmm 


oolimn 


to left< 



Figure Standard algorithm for sii>tractic«, {Frcwi Resnick, 1982, i 
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^jestl that tKiTvifry c ofwrmn bug remitti from **$witcA* 
iiii] crgiwimitV* tu respund to a situofion k% wrf^tch ttm 
mild cc»^f fmrne the nor«nal rwive of sobtroctlng the 
u>tt(»n from the top nufT*n?r in a colurwi. In othw 
w^r<^ the chUd fiKdces ttie feit at 8 in Figure Z but 
c •?! not know how to borrow and decides ttxrt ttie 
vnitroction stKiuid be done in the of^ftite direction. 
i%junq and O^Sheo't omilysis %M^geits that this tK/g 
^tffives ffotn singly not fn^ing the t^t cwl is tl>e 
T^oTfiKiU ^ default, way for u diiJd to proceed unleiMi 
f v test is mude and the v^^-ious borrowing rules <^ 
r-^ereby evoked, in both of ttiese interp^totions, oH 
syntox of written s^troction witfiout borrowing is 
ft spected. What is viokited is the oMistroint thot tt^ 
tji^ttom Oiiantity as a wtiote be subtrocted from ttie top 
qi>antity <» q wtHiteb ttie semantics of nmilti-^iglt 
^fubtrCKTtion include t^ coostroint ttHif tl^ cohmmi, 
jtttwu^i hcmdled one ot o timet canned be treated m if 
they were a string of urreloted singto^iUgit Attraction 
pr^tems. 

2, Bcyrow-^ronvZero. Both repair theory and 
-•^te Young and tyShm onaiysis suggest that this bug 
c-jrives from for^tting the part of the writtw fwce* 
f jre that is equivalent to steps M-J-K in Figure 2 
Vnovtng ttie borrow marker left, and reducing ttte new 
i olumn). The bug r^pects the s)mtactic rei^iirement 
»nat, ffi o tiorrow, ttwe must be a cro!»ed«out and 
rewritten numeral to the left of the active column. It 
-ISO respects ttie synto* of ttie special cose «ero, 
where the rewritten numbw' is always 5. However, it 
i*TW«?s tt>e f oct thot the 9 realiy results from borrcw- 
fng one coK»mn further left (tfie hunifre<& column) 
moving 100 os 10 tens into the tens column, and then 
Dorrowing from the 10 tens leaving 9 tens, m 90 (writ- 
ten OS 9K 

3. Borrow^Acr oss-^rg* Repair Ihewy offers 
f viro different derivations of this bug. The first is ttwit 
this bug arises frc^ the child's for a place to do 
the decrementing operation with ttie condition thot the 
cobmn not have a rwo in the top nun*er. This wouW 
ricppen Mwn ttie child doesn*t know how to handle 
£eros or thinks they have •*no vak^*' and ttius con be 
skipped. This solution respects the syntactic constraint 
mat a small I must be written in me active coh>mn 
and thot some other (nonzero) cokimn rmist then be 
decremented. But the semantic knowk?d^ that the 
increment and decrement are octuolly a<Wition c»id 
s^troctton of 10 is iqn*wed (or not kriown). R^ir 
thewy's second (terivotion, which o^^ees with Young 
:nc O'SneaS analysis, Qro<Suce% this bug by sirrpfy 
deleting ttie rule that ch^wKH?* 0 to 9 (L in Figure 2), 
This too is a cofT^tetely syntoctic derivation^ f<K it 
ollows deletion of o rute without reference to the 
sern<»it»c information that justifies the i^^ercition, 

(4. St^^gorro^-At-Zero. Uoth repair theory 
and Young and 0*5heo*s C9^ly&ts interpret this bug os 
sf-nply ^xnittinq a rule or on operation. St^ps l-J-K of 
Fi ]ure 2 are ^impty skipped. This bug foils to obey toth 
iyntoctic md ie^nantic constraints. Svntacticatly it 
pr jt^^ctfs 'y^^r t^e *ncferrenf ^rt trie Dorro^ opera- 
tion— tr^e I «n the octivc co!«irTin*-b»it does nor iho^v a 
crosw?d-out -x^ntjer or ttw cncnge of a 0 to a 9. 
Semantic ally, it violate the iustificotion few the 
borrow i ere rent— thot is, in or ^ier to odd o q^t^tity 
to thf? cKtive i.,ol';f"vi on eq^vi/clent .^juntfty rr«>*t be 



subtrocied from anottier coKimn. 

5. Don't^-Dectetnent'Zery . The irhonge of 0 fo 
iO in this bug is ttie proper ^^setnontic^ iiove ntt^ 
tM'rowing frmn the humlreds cofuiroi. Bui it pi^luois 
an outci^ne ttnit the child may not have env ount^-r ?d 
and ttws does not resporKi to a(H^<H»riately« Failure to 
ctnmge the 10 to 9 may re*jlt from a syntqi tic can- 
stroint that eoc^ cutunvi be operated on only c»Ke» 
Th4S syntactic constraint is rnit ^wrect** but mt^t be 
reasonably inferred fiwn enteniiive experience with 
^^tftibUKHs thut contain no /erw. If the syntactic 
cofistroint is m direct opposition to ttie semtKitic 
deftiombaf the ^ituotkw^. 

« 

6. ZOTO-instecK)H)f-tiorrow> Lil<e SnxiUer- 
From4.arger, this bug awtds the >or rowing operation 
aitogetheTf while curving all of the important syn- 
tactic c^tstraints of operating within columns, writing 
only one sokjII <«git p&r cokimn, and «ie like. This tiug» 
however* does rwt violate tnc semcntics of the digit 
struchire as blatantly os the Smalter-From-targer bug. 
in fact, a cfilW prachK:ing this bug may be following a ' 
lemontfcs of subtraction that generally precedes 
any imderstonding of negative nun*ers. In this inferred 
semontk^s <rf siAtraction, a 4argcr fwrtoer must 
be t<icen from o smaller, the <tecrefTicnting is bc^ 
and continued until there eve no more !eft--ytekllng 
zero as the crower. 

7, Barrow^^rom^ttom-lnst 3dA)f^Zero. This 
bug oppevs fQ be pi^ely syntactk: in the sense ftwt 
ttie search fcr something to ctecrement <q)pews to lead 
the child to ^iCM^e the <Kg«t structure and me 
serrmt^s <rf end^onge that justify bwrowlng within 
the top number. But it does produce a -funny-lookinqr 
solution, so it wouW {v^obobly be gawated only by a 
child wh<ww syntactk: rules did not j^jecificolly require 
mat oil increments and decrements be in the top 

Teaching ttie Seimyitics of Prix:ed ^;res 

The <r>alysis |ust presented wggest% that chil- 
ifrcn who invent buggy algonthrns are already pa^'ing 
att«-ntion to the surface aspects of ttie colculation 
roi'tincs they ore tcKi^t. Their invented algorithms 
tteviutc on^y sli^tly from ttie correct ones, <>nd by and 
lorge tttey respect the :»trictly proc-rdurol rules of 
written siA)traction. The trouble seems to tie in keep*- 
ing (fefoils of pru^:edural r ile* i^.^u ^^^^n ^ind ^ere to 
decremefit) In mind and combining the voriouj rvies 
correctly. 1 a/o insfr jctio/Kil fe>pOi.»es to thib proce- 
di>ral confusiiKi con be imagiwd. Tne first is to focus 
directly on the procedural rules, devgni^tg practice and 
leetitKKk that will focus children's attention on me 
specific poifits at which they misuppj/ th^ rules, Here 
it ^vouid be i<teal to odopt ttw mstr jcti to individual 
children's errors, oltho*/^ '"standarO./ed" mstrvicfion 
to oodress the most cocnrnon buggy Jlgnnthfns co^^td 
al!io be designed. The second respo» iip ts to focus 
instrxti<^i <^ the semcntic principles thot are violated 
m Indented bugqy algurifhms, in the t>ope thnt cnildren 
^,11 Vmn btsi^ii fht?ie pn/ ripte-s if^tj ^j^jv ^rwm ti>e< 
fi^e subtroctioti prol;!en!s f^^ -vhkh Tr.*-,f leurMeJ rvies 
ore tncompi«?te. 



, Pfifjctltjfcfe^t S^sifractiCKi and Ptmre Votutf 

i)f^ ol trw rt-o*ari$ i(H j^eterrir^ semonticolly 

if^ '^tt^niial eii0fMi\f, Tt*^ri» we ^tony vpecific jM-oce* 
djral fs^les to inanr specifk: prcriitemf to 

oppt/ fn«m to, all of vvhich would rired to be^cNlc^essed 
in rule-^iosev mstr^MTtion* There are also o number of 
different rnothc^ficdUy c<^rect aigortlhfm for 
subtraction. Rule*r>a*ed mstrocfion woukt either hove 
to Jimif 'occeptoDfe'* resjKjnses to |uit cme of these 
otgorithtm or systemoticaily teach several of them (o 
costly matter, not cniy t>ecc^se it iraukl t^e a great 
deot of tin^ but becouse If ^foufd prux^ty ifNfuce 
confusions bet^^^een al^ithmt and thu« fH'odi^e some 
new bjgsK At! qf ttw rules, hoive^fer, and all of the 
dif fertfnt Ql9Qfitt>ms of sobtroctfon ort expressions of 
a very few basic principles. Thes* ores 

The different prtnctple, Tlie 900I off S4** 
trocticn is to find the difference between two qucnti* 
ties (wnich we call **bottom** and •*top" for convenience 
fierel. 

2, The cofnpositlon principte. Eoch of these 
two <^iantities moy be express M con^KWtions of 
smaller quontities huinkedSt fehSi anitrf* Whot i» 
sought, however, is the difference between Hw bdttcmi 
quantify os a whole and the top qufwtlty as a whole. 

3. The portifion principle* It is permissible to 
find the difference by petitioning the c^^tif ies into 
xmy convenient »ibcpj»ititiei (p«ti)» finiting rtie <Hf* 
f^f^ifipe bctweer eoch t>ottom pert cand one ^ ttie ^op 
pc^ts, ond then recomposing the remits foi*nd Mo o 
ilngte quantity. The portifion ^inctpte is t^*Hif pc^'mits 
cofcmnn by cokinrm writtfHi subtroction* tt ohK> permits 
o variety qf rn^tat subtroction pracedi^St some of 
which ore described betow* 

Thg conyensotion princtote. It may t>e 
convenient when fubtroctlng by partitN)ning to incre^ 
ment or decrement ft^ ports ^ one of ffie quontit^, 
TNs is permissible as long os an ktcremmt is coiT^)en- 
soted by o decrement (or vice verso) MCh ttmt hu^ 
vohie of ttie total quontity is preserved. Tfie o^npefv 
sotton (nincipie is «i^t permits borrowing,* 

S. The volue principle. The ^jecific incre- 
ments and decrements thot ore permifoibte to sotisfy 
tfw cofivemation princlpie dqieod on ^ vofcies of 
eoch digit in the written numbers. These values ore 
determined by the cohmw in which o digit is written: 
The voM^ of o digit is the i^it times the cokirr^ 
vohie. 

Childrffn*s Knowledge of the PrkKiples 

Severol bodies of reseorch on oddities ond 
subtroction knowledge suggest that most chikfren of 9 
or 10 yeors of oge, inckiding those who use buggy sub** 
trocfion olgorithms, alreody know o great deol c^kxi) 
the five principles outlined <*ove. This knowlc*^ is 
evident when fhtf work In nun^er represwitations 
otNpr thon wrjtten--»iich as money, the oboci^v or 
0<enes blorks-noi when they do mental orithmetic. 
So*ne exojnples of performorKre ttujt give evidence of 
knowledge of these prirtciples ore the following: 



<>qf c o^^nf ir^^ Tr^re is sow eviderKe t*iQ? f ^e 
cornpositional structure of nun^K!rs o^-ises first ir the 
cc^text of oroi counting. Several investigators (Ft<san| 
Richor<fe, & Ekic^s, I9ft2| Stegler & Hobtr son, 198^) 
hove found ttiat man/ and 5-year-ofds can orollr 
count well into ttie deccKh^s* above 20 ond thot tlHfir 
counting ^ws evidence of being c^goni/ed around the 
decode structure. r« eKompte« ttie mo^t comnmi 
st<^ing points in children*s counting ore or a nurtttttr 
f rKling in 9 or 0 (eg., 29 or 40), <rid their orr<issians in 
ttie rwiT4>er strtng terHl to be omissi<ms of entire 
decodes te.g., **««.27, 28* 29, 50«..**K Children olso 
s<mietirrm repeat entire deccKles (e^g., 39, 20, 

21.,***) ond imietimes n«ike ijp nonst<md<7d nuntf^er 
rnmies reflectino o concctenotiCKi of tt^ tens and ttie 
vmits count strings (e.g., "^twenty-^tne, twenty* 
tm, twenty-eleven^^**). Finoliy, chil<ken con usuofly 
succeed ki countk)g on within o <fec<Kie higher ttion 
ttietr own hif^st st<^ing point wtien asked ttie 
experimenter to stcrt countkig from o porticuNsr 
nufvber^ such os 51 or 71. This is, i «iit*, on in^mtont 
precursor of tfie compositkm principle^ttuit is, of the 
kieo tt^ numbers i»e confused of smoikn' numl^ers* 

OiKintifyi*^ btock ond nnoney dispky s^ Tfie 
compMition princ^>le is nwe directly evi<knced in 
children's ability to quc^tify ond con^we sets of 
injects ttmt ore aided for decimol vokie (see Figi^e 3 
for eiic»f>)es of such disploys). These performcyKres 
also ^ispkiy knowledge of ttie vok« prkK^i^. ki Oiir 
own reseorch on place value we hove found ttiot ttie 
typical mettiod children use in this kind of tosk is to 
be^ki with ^ largest denomkK^ton <nd enumerate ttie 
bkicki of Hhas denombiotkvi %^ktt the qppropriote 
dec;maily irtructured coimtmg ftrk^^ A successful 
<^tif icatkm of the <ttsi^ ki f ig^ 3a» for example, 
wouki produce the axmtkig strki^ *IO0, 200, 300, MO, 
410, 420, 430, 450, 4«0, 461, 4«2, 4<i3.*' A few 
chikft^ mokily thcne^ #iow ^ wmi sophisti* 
coted loiowkKSge of ottw 09^i% of pixe vokie, 
€^M%t ott d^iommotions ones jnd tfwi *^tt^^ by 
ttie opproprkite voKie (e.g., fi^ Figure 3os I, 2, 3, 4, 
400{ I, 2, 3, 4, S, 6, 4«0; I, 2, 3,463). However, camt- 
big u^ng ttie dscimolly structured fMrbUr string 
$een» to be ^ ewliest opiMicatkKi of compMition ond 
vokie prkicipftt to the toifc 01 quantifying sets. 

Ottier perfmrnince choroctwistfcs of chikfren 
in an ewty %ioge of decinKil number knowledj^ suggest 
ttiot chikfc'en tYfhcoUy recognize ttie retative vokies of 



*The co«9>eflsstion principle is mctuslly Ofliy one 
way of SAtisfyit^ a wre ^neral ptincipXet which 
IB that t/ie difference between the top and bottom 
qMntities mmt be mintained no matter what er- 
changes are made betm^n parts. One «wy kt^ep 
t/H? difference i.vnstAnt is to ct^n^ rwither quan^ 
tity. Annthcr wdy is to change both quantities by 
thf* same amount . This is what is don^ in a sub- 
tract a ori algorithm taught in swnv count t iea. 

The princj^ples gisfen xn the body of the tr#t are 
those that juhtify th€* coma:>nly taught subtraction 
algoTithw: in Vr.itr.i Starrs schools and a ni«ev»r of 
vaiiations that (at do /lof jnvoiw changing the 
bottofti num^c'f and (b) assuF,<* that only positive 
intirgcTF will bt usvd througfK>tit the procedure. 




nw? iliffef«*':t purfi fhut rtmUe vip the ^vnote nufTiber. 
F CM' ^^omp***, troil second fhr<xjq^ fourth ^o<^r$ we 
hovr 'ntf*rv*ejveij ccwnpored nurT^rs ^'leKJCoqf 
callK.'* r^«^ '*t compcare tne ni<^i»>f-vaHA* 

Hm? »M.^ifr to 0« larger. 0^\f if tne two digits c^e 
fhtf Hi "le ^lo io on to compure fHe di'jits to the 
right. Fx .'^ :^ple, .^vh^n co^npqring block display* for 
the 'x/<-t>ers 4 72 and ii27, o child wo«jld fyp^rally say 
ii72 4f :s I'jfTcr "because if has 7 tens (or 70) Qf^i tHe 
other •• 'l i ? tens.** 



ERIC 



Mental cffittimetic ^ Ihe most stuffing dlptoys »f 
ffic con^ftfkiriQl <»¥j votue ^incipteft ijre in cnildreifs 
in^enr^d mental coHrulation tnethods^ I hcse rneWitt* ^ 
olinosf always involve <H^>ticofian of the portifi .^n 
principle well. C<Hisiiter ttie foliowinti perfof inance 
<me <rf our S^r^cs'-olci subfectSf Amandos 

Et Can Y0k$ s^tract 27 frotn 53? 
As JH* 

£s How did fOM f i^re if out? 

As W#Hlt SO minuf 20 is THw fake oway 3 ii 
27 <»>d pkis 7 19 Ki« 

AnKindo came up with ttw wrong onswer, but bf 
a method that clearly disployed iw understanding of 
the composition^ structure <ind value of two-digit 
numbers and of the portlttoi principle tor wMractlon. 
She first deconrnJosed each of the fwmbers in the 
pr^Mem OTto tens and units, and tf«sn per farm ed me 
f^sproprtote s^*traptian operation on ttie tens compo- 
nents* Next Ae pio ce ede d to odd ki ar4 subtract out 
the units con^ior^ts. She ^kiuM hove subtrocted 7 
and added 3, but insteod reversed the digits, Amanda 
performed on othw pnH>tems wittiout this difficultyt 
/teld^ cwrect answers. Omer children hove diown 
similv s^otegies, 

k% our krix>ratarr we have also eicplwed deci- 
mal^txised mental arithmetic using reaction time 
nwthods as dii!<^ attenvt to solve problems In 
whidi a single-digit number is odcted to a two-digit 
nun^. This is an extension of reseorch on chitcfren^s 
invented alg^lthnw for single-digit ocMition <vid 
subtraction otgorittims (e^, Groen & Resnick, I977| 
Woods* Hesnlck. fit Groen, I97S; Svenson & Hedenborg, 
1979). That rese<M'ch stKiwed ftiaf young children do 
mental orithrnetic as if they had o "counter in the 
heod" ttiot con be set to any nutnt>rr, incremented or 
decremented by one any nurr^>er of times, <ind then 
"reod out** to yield on answer. The pot f**rn of reaction 
times for o ^f of pr<*leins Hep?^^ on fti^ mjrrtocr of 
increments <w derre nwts re^ir#sJ in ftw piw^ticuklf 
algwiffvn tfw? chikl uses* o-ir fwo^iigit pK^s one- 
digit pr<*lems tHer*» i^e two ^xiiic mental countir^ 
procedures, we thot i^wes the composition pri.iciple 
ond qnotfH?r ftiaf uses that principle to rcd^jce tne 
nunr4>er of coimts /i*"^k*<l5 

t. Set the mental coupf*?r to th<f two-di^jif 
rHjrnl>er, th^ add «n tne single-dijif «^;r^>er m incre^ 
inents of we. Keccttxi times ^i^xitd be.o function of 
the single-digit number (in our expenm^ nful pr<*lems, 
always ffie sfH:wd ni>n^>er). We call this ftie Mjn^ofjfwp 
AdctefKis procedt^re. t4o use of the compositujn princl- 
pie is nHide in this procediire. 

2. l)ecumpi>$e me two-diqif nunfb*«r info a 
fens compcKient wd a ones con^jonent , ttwi f#*c<Krb: e 
the fens component with wfiictwver of ttie t^ro units 
qiiiKifitiei is larger. Set the (^ix*^\te€ to this recon- 
sfitufed nuff^r then odd »n the srmiff^ jn'tU digit 
in ifKr^ments of one. For e<affH>l^« for 21 ♦ 9, tN? 
co*jnfer wuld Dc set at 29 and then ,n< re^ntfnted 3 
times to a sum of 32. Reaction time «^o*^ld be o func- 
tion of the t^noller of the two units digits, so the 
pro*.^^'Jr*^ iS coM^Kl Min />f the ^inif s. This ;>roce*l<>re is 



7 10 r 



ft! eoih of fhfit' TKKltfj^ to fftt: reaclion 
fjifie* (for correct ftotufton& only) of eiKU of oof !k;b- 
jt^ ff»- Sevt*rul children's *ifo tteorly fif Mir^ of t ne 
Ufuts prt*dic!ion. Tnefe children uvjuii|f alfO^dScnbed 
this Vroi:e<l4're ^i^he»» oskeo in infcrvitfws hu*%- fhey did 
thcM? pfQt)lf»fn!i, If IS rnpoftcrif fo note tHot $evf^al of 
the children wtio showf?d rviderKe of the$e portition- 
tKiied iwntal of ithmetic strate^iies w^r» otnong those 
fmviny difftCottr «vith written subtraction. Indeed, 
then biu^r ^btroct^cm rules were it) some CQ%e% our 
reoson for »irK Coding ttw cnildren in owf research som* 
pies, ThuSt mastery of ffw vol»»e UfVl co^nposition 
principles in tr>e context of mental iwithmetic does not 
outo^noficdily tr^Kisfer to written {N'ocedures* 

Multiple r^e>entQtior«i of quontity > An ecyly 
€4>preciotion of the voK^ end coinpositiw jKinciples is 
evidenced in the woys in which children construct ond 
^'reo^r bloc k ond other dispioys, os described <ri>ove, in 
ftw coses described so for, fiowever, coch <^ionf ity fiod 
only one block r^esentotiont o •krononicor refKesen- 
lotion, witti no more thon nine blocks per coK/nvi, In 
this canonical displo^ there eicisfs o one-to-<Kv motcfi 
tielwtt^ ttie nun^r of blocks of o por ticukit dcno'ni- 
notidf and me digit in o corresponding cokimn In 
stiTKord written nototkm* Insistence on the cwonkol 
form meoni thot there is no bosis f« cwrying and 
facs'rowing-*^^, in block disploys, for enctwiget crid 
multipte rej^esentotions of o qucntity. There Is no 
bcK^is, ^ other words, for ttv compensotk^ l^lnctole 
and thus for borrowing or carrying* A little tote; in 
their nfKithefnoticol devekipment, children show that 
tt^ understond thot o Quontity con be r^^iented m 
fTwe ttwi one way. This nriultiple r^es^totton # 
based on ttie corr^iensation prifKiple. 

At first, children cor- construct olternativc 
representations only ttvough on err^iricoi counting 
process. The following perfcwmonce of one of our 
subiects ilkistrotes fhi* metf^ fttolly was asked to 
use Dienes bkxrks to $ubtroct 29 from She t>e«an by 
constructing tt>e bkxrk disploy tftot mofched the forger 
i^fr*)er— thnt is, four tens and seven units. She tt^ 
tried to remove nine units ond, of cwrse, couW not. 
The enperirnenter osked if tfw couM find ony way to 
get nKjre units. Molly responded by putting oside oil of 
ttir units blocks and one of tt¥? tens ki tier d^loy, 
kNiving just three tens. Sfie counted these by tens TIO, 
20, 30'0 and then continued counting by ones, 0(kling in 
0 units block with each count, up to 47. On ttie next 
subtroctiof^ problem, 54 * 37, Molly began with a 
nonc<»ionicot disploy of the top nunrtier. TW Is, ^ 
put out four tens ond countiKi in units btocks imtil s»^ 
reoched S4, yielding o final disploy of four tem O'kJ 
foiirteen ^^ifs. Atofly ttuis iwjeared to hove lec»wd 
thot cerlain prc^lems wiM require fWKorwical dis- 
plays; she hod incorpwated into pion for doing 
okick subtroctKK) o check for ii^ther thc.'e were more 
wits to be removed thon the can<micui di^ykiy would 
provide. However, of this sto^ she wos d>le to estcrtn 
lish the eq^Mvalencies ot the ccronicol disploys only by 
the counting procesSt 

Loter, children beconKr oble to construct or 
recogofie oltt-rnofivr displays wit^niut ttie need for 
recounting the qiKintity. Insteod of counting, they 



trude blocks*-fw exair^ie, they discord Q tens bluen 
and count m 10 i^its, m they discord a hundreds 
ond count in 10 tens. Once children regulorly tM tr 
blocks rattier tt«an recanting ftiem, ttiey often becen^e 
CRiTHiyed or umised with the experimenter who kt«*ps 
oskir^y them how they know ttiot the di^^lny still y 
thtf some nun^ier. TtH»y indicate ttie various ways that 
they believe that if o ten-fof-one trcK*e has been mode, 
the tofol <^atitity could not hove chonged. These 
chili^en cte<^ty c^rnonstrote urvierstonding of tHe 
com^nsotion fM^incipie. 

Subtraction with blocks . Children's obility to 
perform subtroction problems rising Oienes blocks or 
similCK^ volue^-coded t<^ens olio reveois ^ir under- 
St ending of the five (^ifKtples uncter considerotton 
here. In eoch of our studies, even children who were 
having difficulty with %vritten arithmetic typically 
eittier knew, or quickly discovered, tiow to subtract 
with blocks. A typical bkick subtraction procedure 
used by children was to disploy the top number conorv 
koHy and Wiw work teft to right (i.e., storting with 
tf^ hiflhest^ lued bkick denomir^tkm) to remove tf>e 
nufiAc^ of blocks specified in the bottom number. 
Wfien ttiere %^e not et^t^M^ bkicks of so<Tie <tenomifH>» 
tion, they traded with ttie odjocent cokm^. This kind 
of procedure**«^iec lolly wtieh chikk^en show ttuit ttH?y 
cm use it flexibly {tt» ex<»npie, working frotn right to 
left ot tfie experimenter^ re<^HMt)-Klernonstrates on 
understondir^ of ttie difference and portitkm pr^i* 
pies, OS well as of the ottnjr three principles olreody 
discussed* 

Applying Principles to Written 
Aritfynetici mstructtonol Experlmeiits 

We see, then, ^t chlWren— even those having 
diffkrulty with written or tthmetk:— frequently tKive 
substontiol semantic loiowiedge about procedures ttKit 
operate on concrete representations of number. It 
ttwefore seems likely ttiot a useful method for assist- 
ing cnikfren ki ttie devielopnient of o semontic kiter** 
pretotkm of written orittvnetic wouW be to coM ttieir 
attentk)n to correspondences between ttie st^ k\ 
written orithmefic ond ffie p^formonce of oddition 
ond subtraction with concrete moteriols (cf. Oienes, 
f One metfiod for doing this, which we hove colled 
tTHBfflinq instructton, requires the child to perform tfie 
sorne prc^lem ki bkicks ond in writkig, olternoting 
steps between the two. \Jnd& these conditkm ttie 
written nototioru con be •:of«trufd m o "record^ of 
actions on ttie bkxrks. Fiyjre k %umnw\xe% this pro- 
cess for a s&^troctkm {H-oWem. 

In CM initial wc»ic, mopping kistruction was 
successfully v^d with several chiktren hod bi^ygy 
subtroctkm oHprithms CRe'^nkA, 1^2). htot only did 
their bugs disoppeor, but the children demonstrated 
thot ttiey hod ocquired on understating of the senwsn- 
tics of the written ok^ittvru Fi^^re 5 gives two 
exon^ies of ttie kir^ of esq>lonotion of written throw- 
ing ttiot ttie chil<fren «)rutructed*-explc»iations thot 
were not provided in ttie instructiw. In the first exor i- 
pto, Molly w» osked to cfieck anolher child's w«-k, !ihe 
knew ttie JO In the tens cokmw sfiouM be cfionged to % 
Her exptonotion ip terrm of the wkies of *ie decre- 
ment ond increment rvK^lcs (nine tens fci ttie tens 
cok^mn pkis one ten in tfie units cok^mn) cteorly 
implii^ that o wtioleH>res«^ing excNvige mu%i be 
model otherwise, she would not have sought the "other 
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fii^cKi Wtum in Writing \vti*»n 



1. in splays larger numticr in bliKKs, 





3. Travtes I hiflulreU block lor 10 tens blocks, 

4, >knatcs the traUc. 



□ 



DO- 
IQD 



15^ 



S, TraiiC!* 1 ten block for 10 i^its hlowK^. 
\otates the track?. 




In cac-b t!<*ni?r.:nat I'^^n xx^w^ tin* mrtH-t of 
bliKks -ipi^virica in tho bcitc^ m3*or. 



f i^ro 4. -u-min of mapping tn^tnKtion for sitf traction, (f rom iv-nick , lOHJ.f 



ten", b the second extrocf» Moll/ shows even rrwe 
ciewlx fhot she wos searching for pwts to irnAe the 
rhOMS<nd tt^t sl^ recognised hod been borrowed in the 
coMf se of decrementing the thouf(^ cokj^twi. Botti of 
these eM<mpi<i give evi(fefice of oppiicotton of tt^ 
cofTipensofion fKincipie to written Dorrowing, 

With tnese encourogir^ results tn hoixl, we 
t%#f ned rwxt to o rnore formot instriK:ttonai ejcperifnent* 



one that would not only esf^Alii^i the effects of nnap- 
ping instriiction but olso wouW coinpure ^niwi^^ 
Instruction with o fwm of insf^uctiw fhot worked 
more directty on cnildren*s buggr ol^rithfnic perfor- 
nxKKe. The *t idy design^ and ronducted by Susc^ 
Omonson (1^82). One youp of chil<ken was fought by 
tr» rmjpping nethod ch!scr'ibed <<>ove and a ^ond by o 
method we colled p>rohib<ti<^ instruction. 
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Itw idea in prohibition insfroctkm wm 16 
dirccflf prbhibif incofffci ftc^ in Ihm ^it«w oH|or* 
-ifh n, wifhcwt refer^^ to Diene* blocks^ To <to ttris, 
the experiments (E) began the fH^ohibition instraction 
tntro<jucing herself os the fta<tent*i si^trocfiw 
robot, M^CKiid <to pr6iy\em% for tte student (S) but 
¥^ needed enpltcii directions dbaut i^*«it to i^ite, E 
ond S Wicked throne)^ o set of f problems— the smm 
five that «^e used instmction— with S 

teMing t what to If S told C to do anything wrong 
or in the wrong ordet , E said, am not f^oyommed to 
do if tttat woy. Try ogoi^." Otherwise, E wrote wNit S 
told her to write, if 5 could not fell £ the correct 
move offer o few guesses, E wtote flH» cwrect mow 
cwd the*^ asked S to contlni^ from fhere^ Aft« doing 
the first five problems, E oxJ S w«^«d throu^ o list 
of oboui 20 more problents, eoch of ^krh w» 
designed to elicit certa>n bugs* 

ebth Mcf^pi^ Prohibition s^jects were 
interviewed extensive ty before ond offer ttie if»trac- 
tion In order 'to est<Aiish their imdersfonding of 
frtxrtton principles, as reveoted In tfieir obiHtr to 
expfcitn end justifr written iubtroction procedi^i^ ^ 
Thi^ir cokrulo^in^ pet^ormonce w» <»sesaed before md 
offter instraction, using the dic^pKistlc test for bi^ 
SMbhwtion developed b^ Suiion (I98II, A detayed 
postiest <»sessed the extwt io which tewnlr^g was 
nKiintoincK) over several weekn* 

In one respect, #ie remits were os we ^qieetecL 
'i^ .The Mopping, but not Itte ProiUMtion, chikken 
in^oved significantly in meir onderstonding of writ- 
ten SMbtroction. Figmre 6 compares ff» two graupt on 
responses ttKit ossessed understond^ the wwe 
prirvfpte; f i^re 7 con^>ari» tficm on roponset tfnit 
. f»sessed ^^Kterstrnding of the Mmpensotion princ^te. 
Figure 8 shows the ifr^ovement, w lock of it. In * 
imiividMl children in the two gnu^ Each chikf s level 
of understanding on o I to S scale devetoped for this 
stody at the pretest is «hown in o circte kiteled P; 
each chiJd^ level of underston«ng at the eecond 
(delayed) posttest Is ihown in a circte kteied p2. As 
eon be seen, several MoM^^^ dilWren progressed 
tfirough one or more teveto of undiR^standlng, but only 
one ProhibitkKi chiW progressedt ond one regressecfi 
All toW, we con ckiim jonie success for matting 
Instruction in he^>ing chihfren fo tronrf» their 
understanding of bkxrks orHf^netlc kito the domain of | 
written orithmetlc. However, there was nothing IHce f 
total tronsf er of understondkig from btocks to writing* ^ 
One of the most important teaks oheod of us mw Is / 
occoiKiting for individual differences in to<»^ing from | 
mc4)p4ng instruction* 

The resiflts for writt^ colculotion err<^ were 
more surprising, Neither ^oup invroved reli(d>ly 
between the pretest ond the secc^ posttest, olfixmc^ 
there was o temnorcry improvement fw nnmy chikfren 
ot the time of the kpmediofe posttest. For nmt 
chtlifren^ oM bu^ remolned or reoppecred of the 
second posttest, or new ones were kiwnted* We 
eicpected such on outcome fof the PrahlWtkwi grta^ 
because our theory, as we began the experiment, wm 
HKst only o commond of tfie semantk jMrinciptes of 
jM>troctk>n would successfully bfcick the use or asn^ 
itn^tion of bu^ jn-ocedures ttnit vtokite ttiose prin- 
ciples. But we did expect kr^ovement in imlerstond- 
ing to produce irr^'ovement in cotoutotkn perf<»'- 



monce 1m the Mof^kig subjects* It did not reiUBH/ iio 
so. ' 





i vant to sfv:R% >'ou .som problerj^ thai ^nm* 
one cl^e did anj sec :f ycHi can UlJ 
whtthcr thiji, dii it corrcvli^ . : 
TK3t« TrJ5» x!5 the proMein: 




£fj^ijS\. S€ *.' it Vein nikn cK€<»rk tKvt am* ♦ 

1 m Q check all the <tcp> and oaKi 

I f *^ sure it WciS Jcif^ ffirr^^v'* 1\* 1^ 




She Itf't it a ten*'k€*Pt it a ten 


fc: 


Wiat should :<hc ha\T done? 


S: 


>kide it a ^, 


E. 


Why is. that? 


" S: 


To take 90 ten» from here (ht0idied») <md 
thm tl^ oti^r^lO t#(»Ald go there (the ones)* 


V: 


How msis du you take from here (himdn^) 
altogether? 


S: 


A iMKlivd. ^ 



(b) E; dK, so hc^ do ym vntf that? 

S: put 10 xhere (13) 9 there (in t^) 
which is 90 and 9 there (hundreds) » idiich < 
is 900. fMrites: 4eM3 ) 

F: CHk. fk) id)ere are tf« 10 lusidreds in tJ«? 

writing'' 

S: 100 iS ri^t here (points to top digits 
in the cms colim tens colunns) mA 
" 9(X) is right here {points to the lumdreib 
coluan). 



Figure 5. TWo extri^rts frow a child's e^^^lanaticms 
of written borrowing. (From Resnick, 1983). 

A closer look of the data for Htm Mopp^ 
groi^n suggests two possible InfeffK^etotmis* One is 
that cakMkitton perfornKme ini(»t>ves only when 
understanding Improves to o tO^^h level* Partkil 
^mdc^standfr)9-«sp0ciolly understmd^ that does not 
mck^ the conpemotion princ}pk^— moy not he ade- 
quate to bkxrfc buggy performance. This Werpretotton 
IS cof^onont with ax dato. Hie two diiidr^ Jan ond 
Davt «^ reached the high»t level of understand^ 
otso elimmoted nil bu^pi ^ the deloyed pMtte^t. Tlw 
other chikfc^en who ^i^ov«d (Am» Em, and Den), but 
not to ^ top tevels, showed liHle or no chmge ^ the 
nvmber or kMs of bugs k\ their cotcutation. We cannot 
reach o firm eorKli*skin on tfie bc^s of the pr^ent 
dotoi however, because tfie wmber of subjects Is too 
smalt 

The second po^te mt^'iM^tatkyn fai thot 
principtes that fisu he used by o child to corotruct 
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Figure o. uorroct responses hy Mapping and Pro 
hibiticm groiflss on value quest i cms, showing 
dwise in uiktprstandii^ of value principle. 
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\untwr of students from HappinK ami 
Prohihition groups sh^ i»inji lawlcrstanJini; of 
connensaticm priiKipU. iFrom Oaanson, V.>nl.^ 



explanations and ^tificotions of o (xoceckfre «« not 
necessoriir aufoffloficqlh^ applied to performance of 
that procMMv. This exptanatloo would constitute a 
itrong challenge to our Mtial predictkms. Clearly we 
need replication aid st^ne exter«k>n of tttis research in 
order to decide between the two interpretatiot^ Piis 
work in now under woy. 

Conctu^or^ end Seme Questiot^ 

Aimough ^ cannot drow firm concH^sions t^tii 
the results of our ft^thec, research are in hand, it is 
nevertheless useful to reflect now on ttie in^lications 
of our present findings fof ttv ^neral questions ctoout 
orithiretic iewning raised in ttie course of this paper. 



The central cfuestkm we hav« been considering 
is «w relat«on^ip between understo^lnq of to»«e 
princlptos <^ number and numeration and fierfwmjp^ 
of orithmetSc procedures, it is clew thot bwgsQ^per- 
fonTMince« Involve vioteitlons of bo^ princtpfos, 
1^ it ir rirteA reosonobte to »ffipfnm ttiot if children 
ocqu^ the princ^ies they would be less ISieljr to 
engage ^ bug^ performances, bnollcit ki thte pre^ 
lion wos the ossumptidn that children wou<d cdl tmn 
alt reteMBit resources whenever ttiey perlwmed arith- 
metic pf C ce du re s - U n that if ther knew princlplet, 
they would use them in p ef forman ce. If our repHcottcn 
reteordi shows thot even hi^ levels (rf under stomMng 
do not retiabtjr suppress buggy co»cototion perfar- 
moncesi thte assi^nption wiH hove to be abandoned. 

A careful anolysta of Srown ond VdnLelafi 
repotr theory suggests why It might be so dUf ieult for 
newly ocquired principles to effect cofeutotlon per- 
formance In chlklren. fUptfb- theory has been f^mol* 
ized OS Q nxming cun yute r program that invents most 
of the some bugs that chUdten regularly Invent hut 
does not invent other logkally poss^to bugs. Because 
its p ei rwnw nc e is so slmilor to chikirat^ it isreoian- 
able to take ttie program as a model of what cMfcfem 
do when they Invent bugw olgorithms. «te eon then use 
the known <lefalls of the progromFk functlonine to 
reason about what might be happening when chiidran 
team new mothe-^fcol prfeicipies but foil to apply 
them to their oonv^^totten^ olgorlthms. 

As discussed earlier, the repoir ftteory pro gram 
produces bu|^ by generottng repdrs andxhedcbig 
against critics. AH of the crlti« m the present repoir 
program are syntactic - ki notwei ttMy do not rafleet 
the basic princHMes of subfroctkm discusnd in Ihto 
po«w. Suppose the piogram wm» to ocqu^ o sot off 
semantic critics that ^ reflect tho'principtes. WouM 
thot effectively screen out oil the buggy repolrs? At 
first blu^ it seen» reosenobk) to believe it wouM. 

Cvefui coraiderotion of lt»e program, however, 
shows thot it is not possMe to simply odd in the new 
semantic critics n^thout . mdkkig nwch more fundo- 
mentol changes In ttw pro^om (VonLehn, personal 
•communicattan^ This to because the present progrom 
treats subtraction os o system of aperotkmo en sym- 
bols romer «Mn as o system of operotkms on quontl- 
ties, it Imowif «^ syn^oHc marks need to be mode 
to do ItM incrementing aid de cre me n ting bwohMid \n 
borrowkig. But there to nothing in its knowtedge bose 
to represent the fact that when it puts on increment 
mark ki the units column it is adding 10, or th^w^ 
it decronents ttw mmiber hi the hi^eds cohimn by 
one it to leoliy subtroctkig 100. Thto being the cose, o 
ct\i\c that chedcs for whether the totol <^.rity hos 
been maintained has nothing to refer to? the program 
has no r^esentotkm at oil of the totol quantity br of 
the subquontities bekig honsf erred in the course of v> 
borrow operation. To incorporate critic* that refer to 
principles of quoitity, such os the ones discuned in 
this popor, it wouM be necessory to ft^idaiwntolly 
ctMnge Wis entire way In which the pro^om re(H-es«its 
s«H»troction. 

In nruch The some way, absence of a quantity 
ref»-esentatian *&xr\ performing written subtraction 
moy be the source of chilAen's difficulty in incorpor- 
otjng ttw principles. If, when they ae doing cotouki- 
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Figure 8. Individual stu»ifnts' chants in understanding of ^Titten sii>traction. (From 
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t(on. c^ftifren (to not repr sswt the |»^lem to them- 
selves OS fovotvifiq (i^MBititiai but only as digits to te 
HKmipukitedt th«i ttverw is no sm^te wear foe itHHn to 
<^^>ly t»wir newly tewwd fM^ificiptes. They must first 
interrupt ttieir normal perlomnonce te rer^^sent ftie 
pr<Aiem for themselv^i as one invoivir^opwotions «i 
quantities* ThiSt however, means givii^ up oM ^ 
efficiaicy of an **automatecr skm <»kI re^^ires poy'ng 
ottmtion to every step, E^>ecially for chik^ %^io 
have been doing n^itractton for sevwal yeors i'^lbeit 
with a certain peraentoge of ernMrs)* rerepresenting is 
something they ivt likely to do only when sc^ne special 
COTStroint, such as an experimenter monitCN'ir^ eoch 
step, is in^xwed. 

What would this interpretation in^Jly far 
instruction? First, we would have to o^tude that 
rin^ty explaining and demonstrating ttie |H-inciptes of 
place vokie oritfmetk: to chik^ wouM not hove 
much of an effect on their calculotion ptN-formonce, 
Even improving diiklren*s unda^tanding to the point 
where they couid construct explanations themaeh^es 
cuMikl not be coimted on to eliminate buggy cotoulotion 
nii^ once chiklrai hod adopted a more or less auto- 
mat kr procedhires. 

One possiWttty-now being eigriored by my 
colteogue^ Audrey Chompogne-ls that early focus on 
the prineiptes of refvesenting total qucvitities in deci« 
mol notation and making cfiprcprUxle exdKViges among 
the ports of o total quantity wouW prevent buggy aites 
from ever becoming outonKited. This wouW imply 
much more sustained ottentim than is now typk:oi in 
instruction both to the basic principle of ttie decinnil 
nun^ier system ami to ttie ways in «4ik:h ttiese i»'lnci- 
pies are incwporated into the ^w'ltten nunwotion 
system. Most ^Ithmetic textbooks do attempt to 
expkiin and demonstrate «ie rationote for corrying and 
borrowing, often using pictorial representation simil<w 
to Oienes bkxrks. However, instr ctional ottention 
posses quickly to efficient coteukition, tt>ereby 
probably encouraging ou tomotion of coteulaticw rules 
that are not welt linked to the jM-inciples. If 
Ch<^po^'s prelimincM'y results an indkation, it 
will require much more extensive attention to the 
principles than is now common^ and OHiCh more 
explicit linkogc of principles to written nototion, to 
achieve the desired results* 

For children such as those in our experi nent, 
wvho have already acquired buggy and fairly (wtomatic 
calculation routines, our findirwjs suggest ttwt learning 
principles alone prooobly will rot be enough to correct 
coteukition errors. Instr xtion will pr<^><rt>ly hove to 
focus directly on the cateulation performance. This 
mi^t toke me form uf delioerotely invdtinij, ond 
rTKiintoining for us t<K^ OS necessary, a reflective 
attituite toword ralc jiotion that vK)uld include thirling 
cri>out how the bosic principles (^)p^Y to each step of o 
cokuiotion procedure. Sixrh iratructiai woukJ be in tr^ 
spirit of current rese^'ch on teaching self ^monitoring 
skills for co^nptex tusks wdi as reoding con^rehensjon 
(see Palincsor % 9rown, Ou' m<^inq instruction 

did rot systematically do this. At the very end of the 
mopping $e<^ience, childr«i i<we a^ed to perform 
only the written subtrcwrtion but to think ctoOJt the 
steps "as if there ^ere a vwy to write <U>^ what one 
did with the blocks.*' The protocols of ttw tnstructiowl 
sessions sufjijf^st that oniy sO'»>e children did reflect in 



this way. Furthermoret mirHcing dbaut siting a 
rtc»d of btocks action <fcies not automatically entire 
that one is thinking about the principles that riie 
both bkicks and writir^. «Xir instruction thus di<3 lOt 
fully tMt the po^biltties for bringing (^inciple^ ro 
bew on cokrutotimi. Even with o more powerful ve^-^i'in 
of principle-based instnKtion, however, it seems likely 
ttKit direct attention to re-autonKiting a rtew of^ 
correct cak:uiati(»i procedure will also be needed* 

VWiot rotei o»i we envisage for systematic 
dk^posis of mors in ttie kind of instruction just 
outlined? I can think ^ two. First, the process of 
ref tecting on perf«riTMinre and on tt» relotkmsh^ of 
(mcedures to umlerlying principles may be si^ifi* 
cwitly enhanced by Mking chikken to identify buggy 
proce<dM^ and to explain how these procedures vk»late 
the principles off arithmetic. For this approoch to 
w^k^ It moy not prove necessary for chitdr^ to 
ref toct on thrtr ojji incorrect procedures, but it would 
certainty be kivortant for ttiem to reflect on t/ptad 
mors* These ore the errors thot crise from the some 
kinds of reasoning the chikfren are likely to engage in 
tt¥!fmelves. Thus^ for each moKM* proce<MtN domain in 
arlttvnettey we would need to know t«*Kit the moU 
likehf bugtnr jmcedi^es ore. 

Instruction focused more <ttrectly on wtomated 
procedimil ^iU can also benefit from knowkK^ of 
buggy algorithms. First, for any given chlld^ it fs 
probably importont to know whethw errors in calcuto- 
tkm ire due to syst^noticolly faulty rules or to cwe^ 
iett wors C^ilif^ rattta* than 1x^). Children 
routinely mdke cak:ukition slips probObly need a dif- 
fw'ent kind of orittwetkr proctice th«i if the etemen- 
tcs'y opwotksns are correct but the process, ere 
impn^ty put toqethw. Second* it may prove useful 
to toitor practke to specific kinds of buggy rules, 
either by ctKx>$ing pcrticukr examples thot are 
matched to o child's bugs <w by giving special ottentton 
to the p<wts of a procedure that ev<*e ttwse Ixk^ In 
either cose, dio(^stic tests cc^H*le of detecting 
specifk: buggy algorithms will ploy on important rote 
in instruction. 

The current evidence, then, confirrns tfie iirtpor- 
ti^xre of errw analysis resetrch both as o basis for 
studies of arithmetic learning f»^e$ses <^ QS a 
potential in$tructi<KKil tool. Our reseorch olso shows, 
however, ttnit systematic errors prc*K4)ly cjrise frofn a 
basic faikire to mentally represient arifhrnefic f^-oce- 
dures In terms of operotions on quantities within o 
principled number system, rattier fh<»i as <H>«-rotkwis on 
symbols ttKit obey Iw-^ly s/ntactk: rules. Instruction 
probably needs to focus mort explicitly and for a much 
longer time thon it now does on proceckires as reflec- 
tions of fund<»nental principles. Error analysis con 
;#rovfde 0 framework for this kind of instruction, but it 
is not cle^H" that defatted dio^KJsis of individual chiW- 
ren's buggy rules 1$ rtnfjired. Further»nore, it sMms 
likely tlKit i.^xlerstcrtding otor^ does not relid)^' fKo- 
duce correct computotiortol procedures. Direct 
instructional attention to the problem of <te- 
uutoiYKiting incorrect procedures and reploci^^ ttiem 
^tth correct end outomatic procedures will also be 
needed--at least if computatiorKsl skill is accepted as a 
5oal of mathematics instruction. As we attend to this 
problem, some of the recwt wwk on self-mwitorincj 
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end mettKOfpitive skills nfKty prov« on important 
source of tti^ef and pro&ticol ideas. 
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